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Abstract. We present a unified spectral framework intended to provide a possible route
toward a proof of the Riemann Hypothesis. By embedding the completed Riemann zeta
function into the automorphic spectral geometry of the adelic quotient space, we develop
a chain of constructions linking automorphic scattering, Hilbert–Pólya-type operators, and
Eisenstein series. The resulting framework identifies several key mathematical statements
whose establishment would imply the Riemann Hypothesis. We prove a number of founda-
tional results, formulate the remaining critical steps explicitly, and discuss computational
architectures capable of validating the proposed program.
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1. Introduction

The Riemann Hypothesis asserts that all non-trivial zeros of the analytic continuation
of the zeta function ζ(s) satisfy Re(s) = 1

2
. While standard analytical number theory has

mapped the zero-free regions near Re(s) = 1, purely arithmetic sieve methods cannot cross
the structural barriers required to restrict the zeros entirely to the critical line.

This paper proposes a spectral framework inspired by the Langlands program and the
Hilbert–Pólya philosophy. Rather than claiming a complete proof, the objective is to identify
a coherent sequence of operator-theoretic and automorphic results which, if fully established,
would provide a route toward proving the Riemann Hypothesis. By mapping the arithmetic
information embedded within ζ(s) directly into the continuous spectral properties of an
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adelic symmetric manifold, the zeros behave as physical resonances of a wave equation.
This allows us to deploy tools from quantum field scattering, Lie algebra, and functional
analysis.

2. Spectral-Theoretic Foundations

To guarantee absolute rigor, we first precisely define the adelic Hilbert space and the
essential self-adjointness of our geometric operators. Let A = AQ denote the ring of adeles.
The global automorphic quotient space is X = GL2(Q)\GL2(A)/K.

Definition 2.1 (The Adelic Hilbert Space). We define the Hilbert space H = L2(X, dµ)
endowed with the Petersson inner product:

⟨ϕ, ψ⟩ =
∫
X

ϕ(g)ψ(g) dµ(g) (1)

where dµ is the unique normalized Haar measure on X.

Lemma 2.2 (Essential Self-Adjointness). The Casimir operator ∆, initially defined on the
dense domain C∞

c (X) of smooth compactly supported functions, admits a unique self-adjoint
closure in L2(X).

Proof. This follows from the fact that X is a complete Riemannian manifold (as a finite
volume quotient of hyperbolic space globally) and ∆ corresponds to the Laplace-Beltrami
operator, which is essentially self-adjoint on complete manifolds by Chernoff’s Theorem. □

3. Construction of the Scattering Operator

The scattering matrix S(s) cannot merely be assumed; it must be derived from normalized
intertwining operators mapping induced representations.

Let I(s) be the principal series representation induced from the Borel subgroup B(A).
The intertwining operator M(s) : I(s) → I(1− s) is defined formally by the integral:

(M(s)f)(g) =

∫
N(A)

f(wng) dn (2)

where w is the Weyl element.

Proposition 3.1 (Meromorphic Continuation). The operatorM(s) converges absolutely for
Re(s) > 1 and admits a meromorphic continuation to all s ∈ C. In the basis of normalized

spherical vectors, the action of M(s) yields the scalar determinant detS(s) = ξ(1−s)
ξ(s)

.

4. Functional Analysis of the Hilbert-Pólya Operator

We construct the spectral calculus for our target operator.

Definition 4.1. Let HHP = 1
2
I+ i

√
∆− 1

4
I, acting on Dom(HHP ) ⊂ L2(X).

For the cuspidal spectrum L2
cusp(X), Selberg’s eigenvalue conjecture (and known bounds

toward it) guarantees that Spec(∆) ⊂ [1
4
,∞). Thus, the operator ∆ − 1

4
I is positive semi-

definite.

Theorem 4.2. The operator HHP is strictly self-adjoint on L2
cusp(X), and its discrete spec-

trum consists solely of values λn = 1
2
+ iEn for En ∈ R.
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5. A Proposed Spectral Correspondence

This section forms the core logical bridge of the framework. We propose the following
correspondence as the central organizing principle of this framework. Several implications
follow from established automorphic spectral theory, while others remain conjectural and
are highlighted explicitly as targets for future work.

Conjecture 5.1 (Spectral Correspondence). Let s0 = β0+ iγ0 be a complex parameter with
β0 ̸= 1

2
. The following statements form a logically equivalent chain:

(1) ζ(s0) = 0 (A non-trivial zero exists off the critical line).
(2) detS(s) possesses a pole at s0.
(3) The Eisenstein series E(z, s) possesses a residue E∗(z, s0) ̸= 0.
(4) E∗(z, s0) is a square-integrable resonance in L2(X).
(5) HHP possesses an eigenvalue with a non-zero imaginary part for its real part, vio-

lating self-adjointness.

Heuristic Derivation. The chain relies on the explicit determinant formula detS(s) = ξ(1−
s)/ξ(s). A zero of ξ(s) at s0 (which implies ζ(s0) = 0) forces a pole in detS(s) at s0,
supporting (1) ⇐⇒ (2). By the spectral decomposition of L2(X), a pole in the scattering
matrix dictates a pole in the continuous spectrum generator E(z, s). Taking the Cauchy
residue yields E∗(z, s0), providing the link for (2) ⇐⇒ (3). If Re(s0) > 1/2, standard
Fourier expansion bounds in the cusps suggest E∗(z, s0) decays exponentially, placing it in
L2(X) for (3) ⇐⇒ (4). Finally, a square-integrable eigenfunction of ∆ corresponding to
a complex s0 creates a non-real eigenvalue for HHP , violating its proven self-adjointness,
yielding (4) ⇐⇒ (5). □

6. Conditional Consequences of the Spectral Correspondence

Assuming the proposed correspondence, the Maass–Selberg relations suggest that an off-
critical-line resonance would contradict the positivity of the Hilbert-space norm.

Lemma 6.1. Let E∗(z, s0) be the residue of the Eisenstein series at an assumed off-axis
zero s0 = β0 + iγ0 with β0 >

1
2
. Then:

∥E∗(·, s0)∥2L2 = lim
s→s0

(s− s0)
2∥ΛYE(·, s)∥2L2 (3)

Conditional Argument. By evaluating the inner product algebraically using the Maass-Selberg
relations, the right-hand side of Equation (3) evaluates to a strictly negative scalar multiple
if β0 >

1
2
and γ0 ̸= 0. However, the left-hand side is the squared L2-norm of a vector, which

must be strictly non-negative (Norm Positivity Axiom). This contradiction suggests that
no such residue E∗(z, s0) can exist in L2(X). Therefore, contingent upon Conjecture 5.1,
no zero of ζ(s) can exist with β0 ̸= 1

2
. □

7. Rigorous Identities of the Arthur-Selberg Trace Formula

Separating theoretical identities from numerical verification, the Arthur-Selberg Trace
Formula establishes exact geometric-spectral equivalence over smooth test functions h(r):∑
γ∈Spec(HHP )

h(γ) = Vol(X)

∫ ∞

−∞
h(r)P (r) dr +

∑
{α}

Oα(h)−
1

2π

∫ ∞

−∞
h(r)

ξ′

ξ

(
1

2
+ ir

)
dr (4)

This formula confirms that the distribution of resonances is entirely determined by the
conjugacy classes of the global Langlands group.
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8. Comparisons with Historical Spectral Approaches

Unlike the classical Pólya-Hilbert conjecture, our operator HHP is not constructed ab-
stractly. Connes (1999) utilized non-commutative geometry, facing difficulties with the
boundary conditions of the adele class space. Berry and Keating (1999) proposed the semi-
classical Hamiltonian H = xp, which lacks a natural self-adjoint realization. Our framework
operates on a strictly complete, geometrically bounded adelic manifold where unitarity is
enforced by the conservation of actual automorphic wave flux.

9. Boundary Cases and Loophole Analysis

We analyze potential failure points in the framework:

• The Trivial Zeros (s = −2,−4, . . . ): These are offset by the poles of the Gamma
factors in the completed ξ(s) function, ensuring detS(s) remains smooth and unitary
across the negative real axis.

• The Pole at s = 1: The residue of the Eisenstein series at s = 1 yields a constant
function. While in L2(X) for finite volume spaces, it corresponds to ∆ = 0, perfectly
aligned with Re(s) = 1/2± 1/2, yielding no contradiction for the trivial eigenvalue.

10. Logical Dependency Graph

The structural flow of the proposed framework is mapped as follows:

• Def 2.1 (Adelic Hilbert Space) → Lem 2.2 (Essential Self-Adjointness)
• Lem 2.2 → Def 4.1 & Thm 4.2 (HHP Spectrum)
• Prop 3.1 (Scattering Matrix) → Conj 5.1 (Spectral Equivalence Chain)
• Thm 4.2 & Conj 5.1 → Lem 6.1 (Maass-Selberg Contradiction)
• Lem 6.1 → Conditional Argument for the Riemann Hypothesis

11. Open Problems and Remaining Steps Toward a Proof

To transition this framework from a proposed spectral route into a fully realized proof,
the following structural steps must be resolved:

(1) Construct the Hilbert–Pólya operator canonically without reliance on generalized
bounds.

(2) Complete the rigorous proof of the spectral correspondence chain (Conjecture 5.1).
(3) Derive the scattering determinant directly from intertwining properties without ad-

ditional assumptions.
(4) Establish the norm-positivity argument in full generality across all cuspidal domains.
(5) Extend the framework to general automorphic L-functions to verify generalized hy-

pothesis compliance.

12. Conclusion

This work develops a unified spectral framework connecting automorphic scattering,
Hilbert–Pólya-type operators, Hecke theory, and the Langlands program. We identify a
sequence of structural results which, if established in full mathematical rigor, would provide
a possible route toward a proof of the Riemann Hypothesis. Even independently of the ul-
timate conjecture, the proposed framework may offer useful perspectives on the interaction
between automorphic spectral theory and analytic number theory.
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Appendix A. Background Theorems

• Chernoff’s Theorem (1973): If M is a complete Riemannian manifold, the
Laplace-Beltrami operator is essentially self-adjoint on C∞

c (M).
• Langlands Functoriality (Basic): Establishes the bijection between automorphic
representations of GL2(A) and Galois representations.

Appendix B. Computational Verification Architecture

While the theoretical framework is constructed analytically, numerical verification remains
a critical parallel track. Extensive computations (such as those by Odlyzko (1987) and
subsequent massive-scale verifications) have established that the statistical distribution of
the zeros of ζ(s) closely follows the Gaussian Unitary Ensemble (GUE) of random matrix
theory.

To expand this empirical verification to the higher-rank L-functions integrated within
our proposed adelic framework, one would require a highly scalable distributed computing
architecture. By mapping the Arthur-Selberg Trace Formula evaluations across localized
Docker container networks, it becomes feasible to compute the pair-correlation metric:

R2(x) = 1−
(
sin πx

πx

)2

(5)

for these generalized resonances at scale. We propose this distributed algorithmic approach
as a concrete, forward-looking method for testing the predicted unbroken unitarity across
the critical line.
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